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Abstract
Recently Bandos, Lechner, Sorokin, and Townsend have discovered that Maxwell’s
electrodynamics can be generalized so that the resulting nonlinear theory preserves
both conformal invariance and SO(2) duality-rotation invariance. In this note we
show that their result can be derived in a simpler way.
It has long been known that Maxwell’s equations without sources are invariant under both
conformal transformations [1], [2] and electric-magnetic duality rotations [3]. Is it possible
to extend these symmetries to nonlinear modifications of Maxwell’s theory described by
the Lagrangians of the form L(S,P)? Here, the arguments of L are the electromagnetic
field invariants
S = 1
2
FµνF
µν , P = 1
2
Fµν
∗F µν , (1)
the field strength Fµν is expressed in terms of vector potentials,
Fµν = ∂µAν − ∂νAµ , (2)
and the dual of Fµν is defined by
∗F µν =
1
2
ǫµνρσFρσ . (3)
Recently Bandos, Lechner, Sorokin, and Townsend have demonstrated [4] that such is
indeed the case. This is a profound result. However, the line of reasoning in Ref. [4] may
seem somewhat meandering. The aim of the present note is to come to the same upshot
in a direct and simpler way.
We proceed from the Bessel-Hagen criterion for conformal invariance [5]
Θµ
µ
= 0 , (4)
where Θµν is the symmetric stress-energy tensor of electromagnetic field. Equation (4)
can be cast [6] as follows:
LS S + LP P = L , (5)
where LS = ∂L/∂S and LP = ∂L/∂P. We then notice that the Euler–Lagrange equations
∂µE
µν = 0 , (6)
1
in which the excitation Eµν is defined by
Eµν =
∂L
∂F µν
= 2 (LS F µν + LP ∗F µν) , (7)
and the Bianchi identity
∂µ
∗F µν = 0 , (8)
which is merely a restatement of Eq. (2), are invariant under the SO(2) field rotation
E ′
µν
= Eµν cos θ +
∗Fµν sin θ,
∗F ′
µν
= ∗Fµν cos θ − Eµν sin θ . (9)
However, the constitutive equations
Eµν = Eµν(F ) , (10)
stemming from (7), are in general devoid of this invariance. The Gaillard–Zumino criterion
[7] for invariance under the duality transformations (9) reads
∗Eµν E
µν = ∗Fµν F
µν . (11)
One may think of Eq. (11) as a differential equation with L as the unknown function,
4
(L2S − L2P
)P − 8LS LP S − P = 0 . (12)
We multiply Eq. (12) by P and combine the result with Eq. (5). After a simple algebra
we obtain
4
(S2 + P2)L2S − 4L2 = P2 , (13)
or, equivalently,
4
(√
S2 + P2 LS − L
)(√
S2 + P2 LS − L
)
= P2 . (14)
At this stage, it would be convenient to use new variables
u =
√
S2 + P2 , v = S , (15)
rather than S and P. These u and v are independent variables, except for the point P = 0
which is the only singular point of the Gaillard–Zumino condition (12). Therefore, we
may safely express Eq. (14) in terms of u and v. The differentiation with respect to S is
∂
∂S =
v
u
∂
∂u
+
∂
∂v
. (16)
Since Eq. (5) is nothing but Euler’s homogeneous function theorem for homogeneous
functions L of degree 1, it is reasonable to look for solutions of Eq. (14) in the form
L = αu+ β v , (17)
2
where α and β are unknown constants. We substitute the ansatz (17) into Eq. (14),
expressed in terms of u and v, to find
4
(
v2 − u2) (α2 − β2) = (u2 − v2) . (18)
It follows that
α = ±1
2
sinh γ , β = ±1
2
cosh γ . (19)
The solution with α = −1
2
sinh γ, β = 1
2
cosh γ, γ > 0 represents the Lagrangians which is
unbounded from below, and should be discarded. Thus, the desired set of Lagrangians,
invariant under conformal group transformations and SO(2) duality rotations, is a one-
parameter family of functions
L(S,P) = −1
2
(
S cosh γ −
√
S2 + P2 sinh γ
)
, (20)
where the parameter γ runs from −∞ to ∞, with γ = 0 being attributed to Maxwell’s
electrodynamics. Equation (20) is just the central finding of Ref. [4].
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